BIQUOTIENT ACTIONS ON UNIPOTENT LIE GROUPS 



ANNETT PUTTMANN 



Abstract. We consider pairs {V, H) of subgroups of a connected unipotent 
complex Lie group G for which the induced V X ff-action on G by multiplication 
from the left and from the right is free. We prove that this action is proper if 
the Lie algebra g of G is 3-step nilpotent. If g is 2-step nilpotent, then there 
is a global slice of the action that is isomorphic to C". Furthermore, a global 
slice isomorphic to C" exists if dimV = 1 = diraH or dimV = 1 and g is 
3-step nilpotent. We give an explicit example of a 3-step nilpotent Lie group 
and a pair of 2-dimensional subgroups such that the induced action is proper 
but the corresponding geometric quotient is not affine. 



1. Introduction and generic situation 

By G we always denote a connected, simply connected complex unipotent Lie 
group, i.e. an algebraic subgroup of a group of upper triangular matrices. Any pair 
(y, H) of complex algebraic subgroups V,HcG defines a natural V x H action 
on G by (v,h).g — vgh^^. Equivalently, we can discuss the y-action given by 
v.gH = vgH on the homogeneous space G/ H , which is isomorphic to cdimG-dimff 
as a complex algebraic variety. We consider only free V x iJ-actions on G. 

Denote by g, 0, and f) the Lie algebras of G, V, and iJ, respectively. We will 
frequently use the descending central series q = 0*^°^ D . . . D 0^-'^^-' := [0,0''"'^] 3 
. . . D {0}. A nilpotent Lie algebra is said to be /-step nilpotent if I is the smallest 
integer such that 0*^'^ — {0}. 

Since the only compact algebraic subgroup of V is the trivial group and the 
exponential map exp : — > G is an isomorphism, the isotropy groups Vx are 
compact for all a; e G/iJ iff the isotropy groups Vx are trivial for all a; G G/iJ iff 
Ad(5)(t)) n f) = {0} for all g e G. 

Lipsman conjectured [2] that the V x i7-action on G is proper if it is free. In fact, 
Nasrin proved [3] Lipsman's conjecture to be true for 2-step nilpotent Lie groups 
G. We improve this result showing that Lipsman's conjecture is true if 0^'^^ — {0}, 
and that there is a global shce isomorphic to cdi"iG-dimH-dimy^ ^(2) ^ joj.^ 

There is a counterexample to Lipsman's conjecture presented by Yoshino [7] with 
= {0}. Essentially the same example serves to show that there is a free non- 
proper affine C^-action on C'^, which is just the smallest member of a series, n > 5, 
of free non-proper affine C^-actions on C" [5]. Wc construct a 3-step nilpotent Lie 
algebra and 2-dimensional subalgebras f) and 0, such that the induced ^-action 
on G/ H is Winkelmann's [6] the free afline proper C^-action on without global 
slice. 
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Wc can not answer the question of whether Lipsman's conjecture is true if one 
of the subgroups is one-dimensional. But a global slice isomorphic to C" exists if 
dimF = 1 = dimH or dim V = 1 and g is 3-step nilpotent. 

Let us start by looking at the generic case which turns out to be easy: We call 
a basis B = {{Xi, . . . ,Xn)) of g a Levi-Malcev basis, if it is compatible with the 
descending central series, i.e., B n q^^^ is a basis of g*^-'-' for all j. Given subalgebras 
0, () C g a vector space decomposition g = D©s©[) is called Levi-Malcev decom- 
position if there are bases of the subspaces 0, [}, and s such that their union is a 
Levi-Malcev basis of g. Note that there is a Levi-Malcev decomposition if and only 
if TTj{v n g(^)) n TTjil) n g(^)) = {0} for all j, where tt^ : g(^) ^ g^^Vfl^^^^^ denotes 
the canonical homomorphism from g^^^ to the commutative Lie algebra g'--'-' /g^-'^^-'. 
If two subspaces () , C g are generically chosen, then there exists a Levi-Malcev 
decomposition g = t) ® s ® [}. 

Lemma 1. If there is a Levi-Malcev decomposition g = 0®s®f), then Ad{g){o)rii) = 
{0} for all g&G. 

Proof. If X G g(^), then M{g){X) -X G g(^+i) for all g e G. □ 

Since the exponential map exp : g — > G is an isomorphism, the action can be 
puUcd-back onto the Lie algebra. We use the notation exp(X*y) = (exp X) (exp y) 
for X,Y eg. 

Proposition 1. // there is a Levi-Malcev decomposition g = ® s © f), then S := 
exps c G is a global slice of the V x H -action on G. 

Proof If X 1^ g(J+i) , then tt^ {X *Y)= tTj {X + Y) for aU y e g. □ 
Corollary 1. There is a global slice of the H -action on G. In particular, G/H = 

^dimG— dimJ? 

Proof. Arbitrary vector space decompositions 7rj(g^-'^) = Sj ® 7rj(^ fl g^-'^) imply a 
Levi-Malcev decomposition g = s ® f). Then S := exps C G is a global slice of the 
H action on G. □ 

2. Reductions using normal subgroups 

If < G is a normal subgroup, then G/N is again a connected simply connected 
unipotent Lie group. Furthermore, there is the induced action of the subgroups 
V/iV n N) and H/{H n N) on G/N. In particular, if Z{G) is the center of G, then 
V n Z(G) and H n Z{G) are central subgroups of G. Therefore, the V x H-action 
on G is equivalent to the V/{V H Z{G)) x H/{H n Z(G))-action on G/((Z(G) n 
V) X (Z(G) n H)). Consequently, we can assume V n Z{G) = Hn Z{G) = {e} and 
n g^'~^) = ^ n g^'~^^ = {0}, which might be a weaker condition. 

Lemma 2. Let N <\G be a normal subgroup of G. If the induced V x H -action on 
G/N is free, then any local slice S C G/N gives a local slice SN C G. 

Proof. If there are v€V,h€H,s,s'€S, and n,n' G N such that vsnh~^ = s'n' , 
then there exists n" G N such that vshn" = s', since N is normal. □ 

Let Gi <] G be a normal subgroup that contains V and H. Any global slice S of 
the Gi-action on G by left-multiplication defines an isomorphism ^ : S x Gi ^ G, 
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{s,gi) 1-^ sgi. Now, the V x if-action on G can be regarded as a family ofVxH- 
actions on Gi parameterized by s S 5: 

{v,h).{s,gi) = "if-^vsgih-^) = '^-\s{s-^vs)gih-^) = {s,s-\sgih-^). 

Lemma 3. Let Gi <\ G be a normal subgroup that contains H and V . If there is 
an element S g such that ad(Fo)(t') C D and q = (io)c ® 0i is a Levi-Malcev 
decomposition, then the V x H-action on G is proper iff the V x H-action on Gi 
is proper. In that case, V\G/H ^ {V\Gi/H) x C. 

Proof. The condition ad(Fo)(t)) C imphes Ad(exp(j/o>o))(o) = ef°*^(^'')(t)) = 
for all yo gC, i.e., we have a trivial family of F x if-actions on Gi. □ 

Corollary 2. Letn := •7r(^^(7ro(f))n7ro(o)), Oq := nflO, := ^nf), Vq := cxpDo, a,nd 
Hq := exp 1)q. Let Qi C g be a maximal subspace that satisfies n C Qi, QiCii) — i)o> 
and 01 n = Oq. The V x H-action on G is proper iff the Vq x H^-action on G is 
proper. In that case, V\G/H = Vo\{expQi)/IIo. 

Proof. The subspace Qi is an ideal, since it contains g*^^-'. Note that V and H can be 
interchanged in Lemma 3. We therefore assume 7ro(f)) C 7ro(t)). Choose Lie algebra 
elements Xi, . . . , X„i e o such that dims = m and 0=s®0i is a Levi-Malcev de- 
composition for subspace s := {Xi, . . . ,Xjn)c- Now, {exp(xiXi) . . .exp(a;m-^m) : 
Xj G C} =: 5 is a global slice for the Gi-action on G be left multiplication. □ 

Lemma 4. Let N <l G be a normal subgroup. If Sn C G/N is a global slice of 
the V/{V CiN) X H/{H n N)-action on G/N and S C G is a global slice of the 
{VnN) X {Hn N)-action on G, then S Ci SnN is global slice of the V x H-action 
on G. 

Proof. The map V x {S Ci S^N) x H ^ G, {v,s,g) vsg, is an isomorphism, 
because {V n N)SnN{H nN)= SnN and S/N = G/N. □ 



3. Special cases 

If G is commutative, then any vector space decomposition = o®s®^isa 
Levi-Malcev decomposition and defines a global slice S := exps of the V x /f-action. 



3.1. 2-step nilpotent Lie algebras. Applying the results of section 2 wo can 
assume that there axe Xi, . . . , Xm & b \ fl^^' ^-^id Zi, . . . , Zm € Q^^^ such that 
{{Xi, . . . , Xjn)) is a basis of f) and {{Xi + Zi, . . . , X^ + Z^)) is a basis of if g is 
2-step nilpotent. In particular, t), \}, and \} ® g^^^ are commutative. 

Proposition 2. If q is 2-step nilpotent, then there exists a global slice S C G of 
the V X H-action on G that is algebraically isomorphic to C'l™'^-'^™-^^-'^™^. 
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Proof. Let g = s © f) be any Levi-Malcev decomposition. Then exps is a global 
slice of the //-action on G. The induced F-action on s = G/H is given by 



mm m 

exp{J2tj{X, + Zj)).Y=exp{J2tjiX, + Z,)) exp(y) exp(^ 
i=i i=i i=i 

m m 

= Ad(exp(^t,X,))(y) + 

i=i j=i 

rn m 

= exp(ad(^ t,Xjj){Y) + ^ 



which is an affinc action of the commutative group C™ on s = C*^™*^ ™ of degree 
one, i.e., the expression exp(^™.-^ tj{Xj + Zj)).Y is linear in the variables tj. By 
[5] this action has a global slice that is algebraically isomorphic to C*^™*"™. □ 

3.2. 3-step nilpotent Lie algebras. If g is 3-step nilpotent, we can assume that 

on 0^2) = l}nfl(2) = {0}and7ro(D) = 7ro(f)). Choose Xi X„ e ijXg'^^^ such that 
((7ro(Xi), . . . ,7ro(X„))) is a basis of iTo{i)) = 7ro(o). There are Zi,...,Zm € g^^^ 
such that Xj + Zj e for 1 < j < m. Let us consider the subalgebras ()o C () 
and Oo C generated by the elements Xj G [), j = 1, . . . , m, and Xj + Zj G 0, 
j = 1, . . . , m, respectively. Note that [f)o, f) n g^^^] = [Oq, D n fl^^^] = {0}, since these 
commutators are in g^^^ and V and H are assumed to have trivial intersection with 
the center of G. Hence, there is a Lie algebra decomposition = Oq ® Oi with 

By construction there is an isomorphism : Oq — > f)0) + -^j ^ Xj. The set 
n {(Fo + Yi, (/)(yo) + F) : Y,- G Oj , F G f) n g(^)} C ® f) is an ideal isomorphic 
to © ^ n fl(^). The resulting action of the normal subgroup expn C V" x if is 
affine of degree two, since X * F = X + y + F] \i X G fl'^) = fl^-^)^ i_e., 
i5^(a;j ) = for all j and for any locally nilpotent derivation 5 G n for any choice of 
afhne coordinates Xj on g. 

Lemma 5. A free affine action of a connected simply connected complex unipotent 
Lie group N on of degree two is proper. 

Proof. Since the action is afSne, there are coordinates xi, . . . , Xm of C™ such that 
the action map TV x C™ C™, {n,x) i-^ n.x, defines a representation of the Lie 
algebra n on C[xi, . . . ,Xm] by locally nilpotent triangular derivations such that 
6{xk) G (1, Xi,. . . , Xk-i)c for all (5 G n and all fc = 1, . . . , m. Given a pair {xq, Sq) G 
C" X n we can assume Xj{xo) = for all j = 1, . . . , m and So{xk) = cq and 
|co| ^ for some fc G {1, • ■ • since the action is free. Consequently, there is a 
neighborhood Uq of {xq, Sq) in C" x n such that |(5(xfe)(a;)| > |co for all (x, S) G Uq. 

We have to show that the map $ : TV x C" x C™, (n,x) (x,n.a;), is 

proper, i.e., for any compact set K c C" x C" the preimage is compact. 

Since the action is of degree two, 

Xj{exp{5).x) = {exp{—S).Xj){x) — Xj{x) — 5{xj){x) + \5'^{xj){x) 

for all ^ G n, a; G C™, j = 1, . . . , m. Note that if | (a;, n.x) \ < R and n = exp 5, then 
hj{5, x) := I — 5{xj){x) + i(5^(xj)(x)| < 2i? for all j = 1, . . . , m. Wc will prove that 
the set {(x,(5) G C™ x n : |x| < R,hj{x,S) < 2EVj} is bounded. For any point 
{xq,5q) G C" x n satisfying |xo| < -R and |5o| = 1 we will find a neighborhood Uq 
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and a number S^xn.So) such that hj{x, a6) < 2R for (x, 6) G Uo and for ah j impUes 
For a e and {x, 5) G C/q, 

I - aS{xk){x) + la'^5'^{xk){x)\ = a\ - 5{xk){x) + la6^{xk){x)\ 

> a{\5{xk){x)\ - ^a\6^{xk){x)\) > a(|co - '^a\S^{xk){x)\). 

Since = 6^{xk) = J2j<k (ij{6)6^Xj for all 5 € n and hj{x, aS) < 2R, 
aS'^{xk) = a^^(5(co(5) +aj{d)xj) = aj{6)adxj 

j<k j<k 

j<k j<k 

The neighborhood Uo can be shrunk further to obtain '}2j<k'^ji^) — Ir ^'^^ 
{x,S) G Uq, because J2j<k'^ji^o) = 0- Hence, ^ad^{xk){x) < jCq. This gives the 
upper bound ^o^So) = > 1^ 

Corollary 3. // q is 3-step nilpotent, then the V x H -action on G is proper. 

Proof. By the previous Lemma the A''-action on G is proper. This means that 
there are local slices 5a C G of the A''-action such that the sets Ua ■= N .Soi cover 
G. Let G(i) := expg^i). The iV-action on G/G^^) is trivial and {V x H)/N ^ 
H/{H n G'^^). Let 7ro(0) = Sq © 7ro(^) be any vector space decomposition. Then 
Ua := exp(7rQ"^(so)) n Ua are A/'-invariant subsets and Sa ■= Ua/N are local slices 
of the V X iJ-action on G. □ 

To conclude this section we give an example of a 3-step nilpotent Lie algebra 
g and two subalgebras D, f) C fl such that the corresponding free action oiVxH 
on G does not have a global (holomorphic or algebraic) slice. It was shown in [6] 
that the two commuting derivations 5' = + 2/2 g|j + (1 + + and 

^ = 2/2 g|j + define a proper free afRne C^-action on that has a geometric 
quotient that is neither afRne nor Stein. 

Lemma 6. There is a Lie bracket on the com,plex vector space generated by Xi, 
X2, Yi, Y2, Y3, Y4, Z\, Z2 such that the only non-vanishing commutators of basis 
elements are [Xi, Fa] = ^3, [^2, ^^i] = + ^2, [X2, 12] = Y^, and [X2, Z2] = Z^. 

Proof. We have to check the Jacobi-identity: The elements Is, I4, and Z\ are in 
the center, 

[a;iXi + X2X2 + 2/1 Fi + y2>2 + ZZ2, 
[ar'iXi + x'2X2 + 2/iFi + ^^^2 + z'Z2, x'iX^ + x'^X2 + y'lYi + y^'Fa + ^"^2]] 
= [xiXi + X2X2 + yiYi + y2Y2, {xWl - 4'2/l)^2] = a;2(42/i - 4'2/i)^i, 

and 

x'{xy" — x"y) — x"{xy' — x'y) = xx'y" — x'x"y — xx"y' + x'x"y = x{x'y" — x"y'). 

□ 
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The Lie algebra constructed in Lemma 6 is 3-stcp nilpotent. Its complex sub- 
spaces f} = {Xi,X2)c and o = {Xi + Zi,X2 + Z-i)^ are subalgebras. The induced 
V-action on GjE = exp((Yi, Fa, is, ^4, ^i, 22)c) = is the C^-action on 
given by d and 5'. 

Note the similarity to the construction of a pair of counterexamples to Lipsman's 
conjecture in [7]. The smallest example of a free, affine, non-proper action of a 
unipotent group on some C" is given by the C ^-action on generated by the two 
derivations Si = +yi-£^ sxnd 62 = yi-^ +y2-^ +ys-^ + see [8], [5]. The 
complex subspaces i) = {Xi,X2)c and = {Xi + Zi, X2 + ^2)0 are subalgebras of 
the 4-step nilpotent Lie algebra g constructed in Lemma 7. The induced V^-action 
on G/H ^ exp((yi, 1^2, Y3, Zi, ^2>c) = is the C^-action generated by Si and 62, 
i.e., the statement of Corollary 3 is not true for 4-step nilpotent Lie algebras. 

Lemma 7. There is a Lie bracket on the vector space generated by Xi, X2, Yi, 
Y2, Y3, Z\, Z2 such that the only non-vanishing commutators of basis elements are 
= Y2, [XuY2] = Y3, [XuY^] = Z2, and [^2,^] = Z^. 

Proof. We verify the Jacobi-identity using the same argument as in Lemma 6. □ 

3.3. Induced C-actions on G/H. Note that dimiJ = 2 = dimF in the explicit 

examples of the previous section. In fact, dim_ff, diml^ > 2 in all known examples 
for which V\G/H ^ C^. Let us look more closely at the case where one of the 
subgroups, say V, is 1-dimensional. 

Using the results of section 2 we can assume that there are Xq, . . . , Xm G flVfl'^'^^-' 
and Zq G such that Xq + Zq generates and {{Xq, . . . , X^)) is a Levi-Malcev 

basis of ^ if dime = 1. Let = s © 1^ be a Levi-Malcev decomposition satisfying 
.2^0 G S- Recall that a cxps is a global slice of the i?-action on G and the induced 

action on G/H = s is given by 

gt(Xo+Zo) y = 7rH(Ad(e*^»)(y) +tZo) = TTH{e'^'^^^^^'\Y) + tZo), 

where tth '■ Q ^ d/H = s denotes the quotient map of the if-action on g. Consider 
the linear map ad(Xo) : g — > fl. Let r be the largest j such that ad(Xo)(£|) C Q^^\ 

Lemma 8. If r>l — 1 or 6.miH = 1, then the V x H -action on G is proper and 
there is a global slice that is algebraically isomorphic to c^™'-^~'*'™^~^. 

Proof. Since f) has trivial intersection with Q^'^^K in both cases, the global slice s 
of the i?-action on g is ad(XQ) invariant and contains the subspace {Zo)c. Conse- 
quently, the induced F-action on g/H = s is given by 

gt(Xo+Zo)_y ^ gtad(Xo)^y^ ^ ^^^^ 

which is a free afBne C-action on 5. 

Since ad(Xo)(s) is a vector space, that does not contain CZq and CXq, there is 
a vector space decomposition s = Sq © CZq such that ad(Xo)(so) C Sq. Hence, Sq 
is a global slice of the F-action on s. □ 

Lemma 9. IfV is contained in a normal commutative subgroup N, then the VxH- 
action on G is proper and there is a global slice isomorphic to C'^™'^~'^™^~^. 

Proof. By Lemma 4 we can assume that H C N, because V/ (V D N) is trivial and 
the H/{H n iV)-action on G/N admits a global slice isomorphic to some C". Let 
n = 5i © f) be a Levi-Malcev decomposition. Let So C G be a global slice of the 
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-/V-action on G by left-multiplication. Then G/H is isomorphic to x S\. The 
induced ^-action on Sq x Si given by a derivation of the form 5 = aj(so)^ 
where the yj are coordinates of Si. In other words, we obtain a family of pairs of 
subspaces Ad(so)(t)), f) C n parameterized by sq G "^o satisfying Ad(so)(D)nf) = {0} 
for all So S Sq. Because the ^-action on G/ff = 5o x is free, there exist functions 
bj G C[So] such that bjUj = 1. Consequently, S^^j ^iVj) = ^jO-j = 1- 1^ 

Proposition 3. // dimF = 1 and g^^-* = {0}, then the V x H -action on G is 
proper and there is a global slice isomorphic to C^^'^G-dnnH-i ^ 

Proof. The Lie algebra g'^^ is commutative, since fl'-'^''] C We can 

assume that ting^^^ = {0}, 7ro(0) = 7ro(ti), () = {Xq, . . . ,X„)c, and = {Xo + Zo)c 
where Zq is central. 

The element Zq is not contained in the vector space S2 := ad(Xo)(g^^-'), since 
[Xo.Yi] = Zo would imply Ad(e-'*'i)(^o + ^0) = ^0 contradicting Ad(G)(o) n [) = 
{0}. Let 52 := expS2. Now, the V x i/-action on G/5'2 is free if and only if 
the V X i?-action on G is free, because ad(Xo)(0) fl I) is contained in g^^^ and 
[ad(Xo)(fl)n[),0«] = {0}. □ 

The following examples illustrates the construction of the global slice in Propo- 
sition 3. Let G be the group of upper triangular (4 x 4)-matrices and 

ff={(y?|) :xo,xiec|,y=|Qi^^) :fec| 
The normal commutative subgroup 



contains H and V as subgroups. The set 

5*0 = 





yi 











1 




1 


°) 


■ yi,y2 e c| 















is a slice of the action of on G by left-multiplication, i.e., Sq x N G, (sq, n) 
squ is an isomorphism. The decomposition n = {a;o = xi — 0} Q) i) defines a slice 
:= {xq = xi = 0} of the i7-action on N. Using the coordinates j/i, ?/2, Vs, z, the 
F-action on G/H = So x Si is given by the derivation 5 = —yi-^ + (1 ~ ViVi)^, 
because 

1 -yi \ /ioot\ /li/iOO\ / I a -yil. l-yiV2t 
100 l/01tOl/0100\_/01 t ty2 
l-j/2)l0010)l00l3/2)-l00 1 
OOOl/VOOOl/VoOOl/ Vooo 1 

Hence, 5{z — 2/22/3) = 1 and S := {z = 2/22/3} C Sa x 5*1 is a global slice of the Tr- 
action. Note that logS* C g is non-linear. Alternatively, we can construct the global 
slice using Lemma 3 with G' = {2/2 = 0} and Lemma 8, because Xi G g' \ 

Let us summarize the properties of the smallest example of a triple H,V <Z G 
satisfying Ad(G)(y) fi = {e} and dimV = 1 that can not be handled by the 
methods presented so far: 

(1) 0(3) ^ {0}, ad(Xo)(0) t 3^'-'^ 

(2) There is a basis ((Xq, . . . , of f) and Zq e flC-^) such that Xi G fl\fl('-^) 
and = {Xo + Zo)c. 

(3) For all y e \ {no^noim, ad(F)(f)) <t i) and [Y,Xo] + 0. 
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Wc finally come back to the explicit examples of the previous section that are 
related to free afhne C^-actions on some C". The quotient C"/Vc) of a subgroup 
C = Vo C and the induced C = C^/Vo-action on C"/y can be easily calculated. 
It would be helpful to know if these C-actions, that are well understood, can arise 
in our context, i.e., if they are equivalent to the F-action on G/H, where V and 
H are subgroups of a unipotent Lie group G. Unfortunately there is no method 
available to decide this question or to construct G, H and V from a given C-action. 

If we choose an ad(Xo)-invariant subspace Sq C s such that g = {Zo)c ©So® f) is a 
Levi-Malcev decomposition as in Lemma 8 and compatible coordinates yj of So and 
Zq, then the C-action on g/i/ is given by a triangular derivation 6 and 6zo = 1 + P, 
where P is a polynomial in the coordinates yj without constant and linear terms. 
Let the depth d{yj) ^ d he defined by Yj e 0*-'^^^-' \ g*-'*'. We define the degree 
d{P) := maXfc J2j '^jd{yj) of a polynomial P = Hj v'j^ ^ C[so] as the usual 

notion of degree weighted by the depth of the variables. Since [gS^^ , q^''^] C g(J+*^+^) , 
we have the inequality d{yj) > d{S{yj)) + d{xQ). We can estimate the size of G 
assuming that a given C-action arises as the induced ^-action on G/H using the 
(linear Levi-Malcev) coordinates. For example, the quotient of the action generated 
by S2 on C^ is {z2 = 0} = C''. The induced action generated by Si on this quotient 
is given by the derivation —Vi-^ — 2/i2/2 + (1 ~ 2/1^3)^7- We recursively obtain 
d{yi) = 1, d{y2) > 3, ^(2/3) > 5, and d{zi) > 7. This means that g^^^ ^ {0} for the 
corresponding nilpotent Lie algebra g. 
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